ABSTRACT
INTRODUCTION
Several factors in the real world imply the increase in use of nonlinear programming models. There are several classes of problems where nonlinear programming had had a great impact for example oil and petrochemical industries, nonlinear network problems and economic planning models. The area where nonlinear programming can be used in these several classes of problems is given in detail in (Ladson et al., 1980) . The concept of fuzzy programming in decision making problem was first proposed by (Bellmann and Zadeh, 1970) . Many authors have applied fuzzy programming approach in different area of linear programming (Zimmermann, 1978 , StancuMinasian et al., 1978 , Chakraborty and Gupta, 2002 . In (Jimenez, 2005) , author has considered a non linear programming problem with fuzzy constraints and the solution has been obtained by muti objective evolutionary Algorithms. An interactive cutting plane algorithm for fuzzy multi objective nonlinear programming problems has been presented in (Kanaya, 2010) . In (Jameel, 2012) , author has obtained accurate results for solving non linear programming using fuzzy environment by using properties of fuzzy set and fuzzy number with linear membership function.
Fractional programs arise in management decision making as well as outside of it. They also occur sometimes indirectly in modeling where initially no ratio is involved. The efficiency of a system is sometimes characterized by a ratio of technical and/or economical terms. Maximizing system efficiency then leads to a fractional program. List of frequently occurring objectives are maximization of productivity, maximization of return on investment, maximization of return/risk, minimization of cost/time, maximization of output/input, Non-Economic Applications. There are a number of management science problems which indirectly give rise to a fractional program; see e.g. (Schaible, 1981 (Schaible, , 1983 (Schaible, , 1995 . A new method has been given by (Borza et al. 2012 ) for solving the linear fractional programming problems with interval coefficients in the objective function.
An algorithm has been developed by (Saad et al., 2011) for multi objective integer nonlinear fractional programming problem under fuzziness. In order to defuzzify the problem, he has developed the concept of α-level set of the fuzzy number is given and for obtaining an efficient solution to the problem (FMOINLFP), a linearization technique is presented to develop the solution algorithm. In the paper (Biswas and Bose, 2012) author presented a fuzzy programming procedure to solve nonlinear fractional programming problems in which the parameters involved in objective function are considered as fuzzy numbers.
The duality theory for nonlinear multiobjective optimization problems in the field of the optimization theory has intensively developed during the last decades. In (Rodder and Zimmermann, 1980) , a generalization of maxmin and minmax problems in a fuzzy environment is presented and thereby a pair of fuzzy dual linear programming problems is constructed. An economic interpretation of this duality in terms of market and industry is also discussed in that paper. In (Bector and Chandra, 2002) , a pair of linear programming primal-dual problem is introduced under fuzzy environment and appropriate results were proved to establish the duality relationship between them. In (Liu, 1995) a constructive approach has been proposed to duality for fuzzy multiple criteria and multiple constraint level linear programming problems. (Biswas and Bose, 2012) gives a parametric approach for the duality in fuzzy multi criteria and multi constraint level linear programming problem. In ), a study of a pair of fuzzy primal-dual linear programming problems has been presented and calculated duality results using an aspiration level approach using exponential membership function, while a discussion of fuzzy primal dual linear programming problem with fuzzy coefficients has been presented in (Bector and Chandra, 2002; Liu, 1995) . In (Bector and Chandra, 2002) , a pair of linear programming primal-dual problem is introduced under fuzzy environment and appropriate results were proved to establish the duality relationship between them. Also in (Chakraborty et al. 2014) , author has presented a pair of linear primal -dual programming using linear and exponential membership function using fuzzy programming approach and genetic algorithm approach.
In this paper we have extended the work done by ) in which he has solved duality in convex fractional programming using linear membership function. We have taken the same kind of problem and proved the duality theorems considering exponential membership function for fuzzified objective function and constraints and then solved using LINGO and Genetic Algorithm also and the results have been analysed. The paper has been organized as follows: In section 2, the nonlinear fractional programming problem and its dual has been defined. The fuzzified and the crisp formulation have been defined for the primal and dual. In section 3, the necessary duality results have been developed. The numerical example defined in ) has been illustrated in section 4. Finally, analysis of the solution and concluding remarks has been presented in section 5.
NON LINEAR FRACTIONAL PROGRAMMING PROBLEM
The nonlinear fractional programming problem ) can be defined as:
The dual form of the above problem can be written as
Where A is m x n matrix, x, c, b are column vectors with n components and b is a column vector of m components.
Fuzzified Non Linear Fractional Programming Problem
Fuzzified form of nonlinear fractional programming problem can be defined as
Where Z 0 is the aspiration level of the objective function of the primal problem. "≤ " and "≥ " denotes the flexibility of the objective function and the multi constraints.
Fuzzified form of the dual of the problem can be defined as
Where w 0 is the aspiration level of the objective function of the dual problem.
Crisp Formulations using Exponential Membership Function
The advantage of nonlinear membership function over linear membership function is already described in Chakraborty et al. 2014) . Linear membership function is most commonly used in fuzzy linear programming problem because it is simple and it is defined by fixing two points. Also, linear membership function has been used in a vast range of nonlinear problems (Bector and Therefore using exponential membership function the crisp formulation of the problem can be given by
The exponential membership function for the dual problem objective function and nonlinear constraints are given by
Where β and 
THEOREMS ON DUALITY
We shall prove some duality theorems. In the theorems, Q= (q 1 , q 2 , ……,q m ), S= (s 1 , s 2 , ……., s n ) are column vectors 
Multiplying the equation (11) by transpose of u and taking transpose of equation (12) 
From condition (i) and Equation (13) 
Adding condition (i) and (ii), we have ( ) (7) and (^, w η ) be optimal solution of (10).
NUMERICAL EXAMPLE
Let us consider the same numerical example which is defined in [20] . The primal dual nonlinear fractional programming problem can be defined as 
SOLUTION AND ANALYSIS
Using LINGO software, the solution of the primal problem (16) Genetic Algorithm gives global optimal solution. The NSGA used here is a real parameter GA that works directly with the parameter values. NSGA (Nondominated Sorting Genetic Algorithm) uses nitching, as well as nondominated sorting of the solutions in every generation to ensure that the "good solutions get preference in selection for procreation". The non-dominated sorting GA uses a ranking selection method to emphasize good solutions and then a nitche building procedure to maintain a stable sub population of good solutions. Since multi objective GAs can find multiple pareto optimal solutions in one single run, the proposed technique is capable of finding multiple solutions to the problems.
The parameters used to solve the problem (16) Lower and Upper bounds : 0.0000 <= ߣ <= 1.0000 0.0000 <= x 1 <= 2.0000 0.0000 <= x 2 <= 2.0000 Table 1 gives a set of solution of problem (16). 0.0000 <= u 1 <= 2.0000 0.0000 <= u 2 <= 2.0000 0.0000 <= v <= 2.0000 0.0000 <= η <= 1.0000
Using Genetic algorithm, a set of solutions of dual problem (17) is given in the form of table in Table 2 . From the above table, we can clearly see that the solution obtained satisfies the fuzzy constraints as well as the fuzzy objective in both primal and dual problem. Also, it has been observed that difference between the tolerance limit and aspiration level is less. In other words, the decision makers have been provided with enough flexibility to choose satisfying solutions that maximize or minimize their utility functions. Genetic Algorithm gives multiple pareto optimal solutions in one single run. Therefore, it provides set of solutions to the decision maker. The following graph clearly shows comparison between the primal and dual objective function of different sets of solutions.
CONCLUSIONS
In this paper, an approach has been presented for a specific kind of fuzzy nonlinear fractional programming problem by constructing a pair of fuzzy non linear fractional primal and dual problems. Crisp form of the above primal and dual problems has been obtained by using exponential membership function. Duality results have been established to prove the duality relationship between above primal and dual problem and are illustrated by an example. The duality results fully satisfy the aspiration levels or the tolerance levels of the objective functions and the system constraints made by the decision maker. The difference between the achieved level and the allowable limit of the satisfying solutions of the decision maker is very less. The numerical example has also been solved by Genetic Algorithm Approach. Genetic Algorithm gives multiple pareto optimal solution. The decision maker can choose any optimal solution according to the convenience. The results of the present paper encourage us to apply duality results in variety number of fields of optimization problem. 
